Probability and Random Processes

EES 315

Asst. Prof. Dr. Prapun Suksompong

prapun@ siit.tu.ac.th
10 Continuous Random Variables

Office Hours:

Check Google Calendar on the
course website.

Dr.Prapun’s Office:

6th floor of Sirindhralai building,
BKD




Sections 10.1-10.2

Discrete RV

pmf: px(x) = P[X = x]
Two characterizing properties:
px(x) =0
Zx Px (x) =1

* Sy ={xipx(x) > 0}

e P[some statement(s) about X]

= 2 px (x)
{all the x values that
satisfy the statement(s)}

e cdf'is a staircase function with jumps whose
size at X = C gives P[X = C].
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Continuous RV

_ _ probability per unit length
P[IX=x]=0
pdf: Plxg < x < xo + Ax] = fx(x¢)Ax
Two characterizing properties:

fx(x) =0

So () dx =1
Sx = {x: fx(x) > 0}
P[some statement(s) about X] =

fx (x)dx

{all the xvalues that
satisfy the statement(s)}

cdfis a continuous function.




Chapter 9 vs. Section 10.3

Discrete RV Continuous RV

EX = lexpx (x) EX = Ojo xfy (X )dx

g(x) f, (x)dx
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10.1 Probability Density Function




Ex. rand function

* Generate an array of uniformly
distributed pseudorandom numbers.
The pseudorandom values are drawn

from the standard uniform

distribution on the open interval
(0,1).

* rand returns a scalar.

e rand(m,n) or rand([m,n])

returns an m—by—n matrix.

rand(N) returns an n-by-n matrix

>» rand (10,

ang =

. TB535
. 7952
.1869
.1898
.3456
. 6463
. 7094
. 7547
2760
. 6797
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.B8351
1626
.11390
. 41984
. 35597
. 3404
. 5853
2238
. T513
2551




Ex. Muscle Activity

® [ook at electrical activity of skeletal muscle by recording a

0.6

human electromyogram (EMG).
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[http://www.adinstruments.com/solutions/education/Itexp/electro
\ myography-emg-german]




Three Important Continuous RVs

close all; clear all;

N =1e6; b =20; m =1; s = 1;

R = [1-5*s,1+5*s];

% Uniform

X = (2*sqgrt(3)*(rand(1,N)-0.5))+1;
subplot(3,2,1); plot(X);
subplot(3,2,2); plotHistPdf(X,b)
xTim(R)

% Normal

X = randn(1,N)+1;
subplot(3,2,3); plot(X);
subplot(3,2,4); plotHistPdf(X,b)
xIim(R)

% Exponential

X = exprnd(1,1,N);
subplot(3,2,5); plot(X);
subplot(3,2,6); plotHistPdf(X,b)
xTim(R)




Three Important Continuous RVs
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Three Important Continuous RVs
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Three Important Continuous RVs
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Review: P[some condition(s) on X]

For discrete random variable,
8.14. Steps to find probability of the form P [some condition(s) on X]|

when

the pmf px(z) is known.

(a) Find the support of X.

(b) Consider only the x inside the support. Find all values of x
that satisfy the condition(s).

(c) Evaluate the pmf at x found in the previous step.

(d) Add the pmf values from the previous step.

-

\_

P[some condition(s) on X] =

T

Discrete RV

Z px(x)

T— Sum over all the x values that
satisfy the condition(s)

J




P[some condition(s) on X]

e For discrete random variable,

/

-

—A—
P[some condition(s) on X] = Z px (x)

probability mass function (pmf)\

T

Discrete RV T— Sum over all the x values that
satisty the condition(s)

¢ For continuous random variable,

l pmf — pdf

/

-

P|some condition(s) on X]| j [v(x)dx

probablhty density function (pdf)\

Continuous T— Integrate over all the x values that
RV satisty the condition(s) -
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Support of a RV

* In general, the support of a RV X is any set S such that
PlX € S] = 1.

® In this class, we try to find the smallest (minimal) set that

works as a support.

® For discrete random variable,
Sy = {x:px(x) > 0}
¢ For continuous random variable,

Sy = {x: fx(x) > 0}
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10.2 Properties of PDF and CDF
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WIKIPEDIA Integral
The Free Encyclopedia _— :
From Wikipedia, the free encyclopedia
Main page This article is about the concept of definite integrals in calculus. For the indefinite integral, see antide
Contents "Area under the curve” redirects here. For the pharmacology integral, see Area under the curve (pha
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In mathematics, an integral assigns numbers to functions in a way that can describe displacement, are¢
infinitesimal data. Integration is one of the two main operations of calculus; its inverse operation, differer
an interval [a, b] of the real line, the definite integral of f from a to & can be interpreted informally as th
the graph of £, the x-axis and the vertical lines x = @ and x = b. It is denoted

/:J f(x) dz.

The operation of integration, up to an additive constant, is the inverse of the operation of differentiation.
notion of the antiderivative, called an indefinite integral, a function F whose derivative is the given func

F(z) =/f(m)dm.

The integrals discussed in this article are those termed definite integrals. It is the fundamental theorem ¢
integral: if f is a continuous real-valued function defined on a closed interval [a, b], then once an antider
interval is given by

b
[ f@yde = F@), = FO) - Fla).

The principles of integration were formulated independently by Isaac Newton and Gottfried Wilhelm Leit
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Sections 10.1-10.2

Discrete RV

pmf: px(x) = P[X = x]
Two characterizing properties:
px(x) =0
Zx Px (x) =1

* Sy ={xipx(x) > 0}

e P[some condition(s) on X]

= 2 px (x)
{all the x values that
satisfy the condition(s)}

e cdf'is a staircase function with jumps whose
size at X = C gives P[X = C].
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Continuous RV

P [X — x] — O probability per unit length
pdf: Plxg < x < xo + Ax] = fx(x¢)Ax
Two characterizing properties:
fx(x) =0
[ () dx =1
Sx = {x: fx(x) > 0}
P[some condition(s) on X| =

fx (x)dx
{all the xvalues that
satisfy the condition(s)}

cdfis a continuous function.




pdf and cdf for continuous RV

i ] Fx(b) — Fx(a)
a< X <b| < Fy(x) = P|X < x]

a < X < b]
a <X < D]
a <X < b]
a < X < D]

T U U U T




Finding Probabilities from CDF

Definition: Fy (x)=P|[X < x_

P[X = a] = 1-F/(a) +P|X =q]

For any RV, For continuous RV,

« P[X < b] = Fy(b) - P[X < b] = Fy(b)
P|X < b] = Fx(b) — P[X = b] P|X < b] = Fx(b)

e PIX >a] =1- Fx(a) o P[X >a]l =1-Fy(a)

P[X >a] =1 — Fy(a)

(-,

(amount of jump in the CDF (@ a)

° Pla <X < b] =Fx(b) —Fx(a) |» Pla <X < b] = Fx(b) — Fx(a)
Pla < X < b] = Fy(b) — Fx(a)
Pla < X < b] = Fy(b) — Fx(a)
Pla < X < b] = Fyx(b) — Fx(a)
°* PIX=a| =Fx(a)—Fx(a™) |e P[X=a]=0

>/
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¥ WolframAlpha

computational
intelligence.

I(a*x*exp(-a*x))dx from 0 to infinity

ffa Extended Keyboard * Upload

Definite integral:

o0 1
f axexp(-ax)dx = — for Re(a) >0
0 a

i3t Examples & Random

Re(z) is the real part of 2

I(a*(x*2)*exp(-a*x))dx from 0 to infinity

ffo Extended Keyboard * Upload

Definite integral:

) 2
f ax”exp(-ax)dx = — for Re(a) > 0
0 a

Ll

322 Examples >8 Random

Re(2) is the real part of 2
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10.4 Families of Continuous Random
Variables




\

Johann Carl Friedrich Gauss

GU5672972S2

ZEHN DEUTSCHE MARK \

German 10-Deutsche Mark Banknote (1993; discontinued)

e 1777 —1855

® A German mathematician




Ex. Muscle Activity

® [ook at electrical activity of skeletal muscle by recording a

human electromyogram (EMG). *
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[http:/ /www.adinstruments.com/solutions/education/Itexp/electro
\ myography-emg-german]




Expected Value and Variance

“Proof” by MATLAB’s symbolic calculation

>> syms X
>> syms m real
>> syms sigma positive

>> Int(1/(sqrt(sym(2)*pi)*sigma)*exp(-(x-m)"2/(2*sigma~2)) , X, —Inf, 1nf)

ans =

1

>> EX = 1Int(X/(sqrt(sym(2)*pi)*sigma)*exp(-(x-m)"2/(2*sigma~2)) ,X,—1In¥F, 1nT)
EX =

m

>> EX2 = 1Int(XN2/(sqrt(sym(2)*pi)*sigma)*exp(-(x-m)"2/(2*sigma~2)) ,X,—-1nF, 1nf)
EX2 =

-@r@A/2)*(imit(- x*sigma™2*exp((x*m)/sigma”2 - m"2/(2*sigman2) - x"2/(2*sigman2)) - m*sigma™2*exp((x*m)/sigma”2 - m"2/(2*sigman2) - x"2/(2*sigman2)) -

@ (172)*pinr(1/72)*sigma*erfi ((2N(172)*(x - m)*i)/(2*sigma))*(m 2 + sigman2)*i)/2, x == -Inf) - limit(- x*sigma™2*exp((x*m)/sigman2 - m 2/ (2*sigmar2) -
x"2/(2*sigman2)) - m*sigma™2*exp((x*m)/sigman2 - m"2/(2*sigman2) - x"2/(2*sigman2)) - @N(A/2)*pinr(L/2)*sigmarerfi (2N (A/2)*(x - m)*i)/(2*sigma))*(m™2 +
sigman2)*i)/2, x == Inf)))/(2*pi~(1/2)*sigma)

>> EX2 = simplifty(EX2)
EX2 =

mN2 + sigma™2

>> VarX = EX2 - (EX)"2
VarxX =

sigman2

(-




Poisson Process

The number of arrivals N, N,, N;,...during non-overlapping time intervals

are independent Poisson random variables with mean = A X the length of the

corresponding interval.

T, T, T,

N, =1 N, =2
Fe—H—HKk %* > Time
<€ >E—>€C—>€

W, W, W, W,

The lengths of time between adjacent arrivals W, W,, W, ... arei.i.d.

exponential random variables with mean 1/A.




